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 How can a data set be displayed?

* How can we tell is something is wrong with it?
* Moments

* Histograms

* The chi square statistic (simplified)

* Some Limitations on Testing

* The Probability Integral Transformation

* Application to RNG Testing

* Some Interesting Results



Uniform Distribution

A number between 0 and 1is generated
* The probability that the random number is less than x is... X

* The probatility density function is 1in the unit interfal, 0
elsewhere

* The meanis 0.5

e The variance is 1/12

* When we have a list of such random numbers from a source
Interesting observations can be made



Visualization of Data

|t Is useful to sort the data.

*Data in certain ranges can be colored.
*Or the sorted data can be plotted

*See the following for a sample of 50
numbers from various distributions...




50 Random Numbers (sorted)

Perfect Uniform

# 8 #

it #

Random Uniform

Defective 1

Defective 2 .
Defective 3




Defective Detective... just look!

* Defective 1: Too much green, not enough In
the tails .

* Defective 2: Asymmetric
* Defective 3: Tailheavy



50 Random Numbers (sorted) from U(0,1)
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Note: the maximum
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statistic. Refer to Namir
Shamas for more details .

0.600

0.400

0.200

0.000
1357 91113151719212325272931333537394143454749



135 7 91113151715212325272931333537394143454749



Random Number Generator Testing

 We can test a batch of random numbers
* A single batch might pass all tests
* Why it might NOT pass all tests?
* Unlucky
 Defective Generator
* To discover which, we must test numerous
batches



Some Remarks on Random
Number Generation and Testing

Our machines have limits: number of digits, memory, time, and
sample limitations..



« HP-67 had 12 digit arithmetic (according to my emulator)
* Floating point only, no integers
« 9.99999 EEX12111- -yields al.
« 1.001 EEX13 11 1--yields a 0.
* The last two digits were undisplayed “guard digits”

 WP-34s has 16 digit arithmetic
« 9.99999 EEX15 FILL 1- - yields 1
* 1.001 EEX 16 FILL1- - yields O

* Digits in x * y at most sum of number of digitsin xand iny
« Example, 997 * 999999 = 996,999,003 (3+6=9)
* RNG intermediate results must not exceed the maximum digit count

* We work in floating point and must live with these limits



In RNG testing we need to store histogram counts.
» Storing 2 bins in each memory provides 172 bins.

* Max bin count could be 99,999,999 without
overflow

* The above leaves 14 registers for the actual RNG
and supporting functions.

 Alternative: 3 bins per register for a total of 258
bins with max count of about 215000.



Time Limits

RNGs fail for large sample sizes.
But testing the best RNG’s to the
breaking point may not be
possible before the sun goes out
and we have other worries.



Sample Size Limitations

* The chi square test requires a minimum count of 3 in cach
bin, and our edge histogram consumes an average of f100
random numbers for each bin count.

* With 120 bins of equal probability, we need an average of
about 16 counts per bin to assure that each bin gets at
least 5. A permutation bin is calculated from five random
numbers.

* That is a 120x16x5 = 9600 random numbers, a significant
fraction of the 50,000 period of classic 997X, The 172 bin
uniformity tests are even worsel



What |If a Sample Repeats?

»Short period RNG’s like 997X6 may repeat a set
of random numbers

» All counts in the histogram are doubled.

»The variance in the chi square formula increases
by factor of 4

»The expected value increases by a factor of 2
»Net result: chi square statistic doubles.



Example: 997X6, 10 Bins

*300 Samples
*Chi Square =11.280
* Probability = 0.743

«500 Samples (twice)
*Chi Square = 22.56
+ Probability= 0.993



Beware Repeating Random Numbers!



Subsamples

If there is a uniform distribution over a set of bins, the
distribution will be uniform over any subset of those bins.

Example: we want to test distribution of pairs of random
numbers in a 20x20 array. That is 400 bins.

Solution: just look at the first 172 of these.

Downside: much time will be wasted generating samples that
are not examined. For a 100x100 array of bins, the test will go
veryver y s L o w



Implementing the Chi
Square Test

What | did, and why...



Test Result Depends on..



Starting Seed

997X is a multiplicative congruential RNG. The random numbers are
the powers of 997 (or some other multiplier) mudulo 1,000,000. These
form a cyclic group with identity 1.

The size of that group is established by Knuth theorem D at 50,000.

Use 1 as the starting seed (represented as 0.000001, for example), the
identity element of the group.

Since the period is 50,000, the inverse of 997 is 997249999 (mod
1000000).. Calculation is easy on the WP-34s with the *mod function.



more on theStarting Seed

Some RNG's use more than one memory to store the seed. If they are
Interrupted, they can jump to a different orbit that may have much
shorter period.

To randomize seed without RNG interruption, use the following at the
beginning of the test:

LBL A XEQ 99 KEY? L BACK 002 STOP, where LBL 99 is the RNG

User presses A, and thousands of random numbers are generated
before A is pressed again. The RNG is NOT interrupted.



Sample Size

* Some statistical tests require large samples.

* Small sample size results in bins with fewer
than 5 sample, invalidating the chi square test.

* Avoid nearly empty bins of low probability by
arranging for all to have equal probability

*Very large samples become non-random.
Increasing cycle length is key to improving an
RNG.



Some Actual Test Data

* The following tests show the distribution of 50 chi
square probabilities. In a truly random RNG, these
should be uniformly distributed.

* Visualizing test data allows us to see that something
IS wrl(t)lng, even when every test yields an acceptable
result!

* Since the test data is from U(0, 1), analyze it by same
method as the original uniform... subject to the much
smaller sample size. For example, look at mean,
variance, and other moments...



20 bins

997X6
172 Bins

Effect of Bin Count:

more bins make test harder to pass
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Effect of Sample Size

* For small samples, there are not enough random
numbers to assure a minimum of 5 in each bin, which
is required for validity of the chisquare test. ***

* For large samples, forced uniformity creates a set of
random numbers that behaves in a non-random way.

*** The teachings of Ismaili Shimi are that a few bins with a count of four are OK.
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Best Row of the 997X6 Tests

997X6 3200 Samples

1 23 456 7 8 9 10111213 14151617 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50




Some Primitive Statistics

Expected from Perfect RNG | 997X6, 50 tests

e Mean: * Mean

0.5000 + 0.0408 0.344 (-3.80)

e Standard Deviation e Standard Deviation
0.2875 = 0.0187 0.2303 (-3.00)

« E(x?) « E(x?)
0.333 £ 0.042 0.171 (-3.80)




Finding:

Although individual batches of 6300
random numbers are acceptably uniform
per the chi square test, the PROCESS THAT
GENERATES THEM is hopelessly defective.
You never know if you will be lucky to get a
good batch.

Do not despair! Things can be made better
(but not perfect).
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